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Abstract 
Yamada, K., Characterizations of a metrizable space X such that every A,,(X) is a k-space, 
Topology and its Applications 49 (1993) 75-94. 
Let X be a metrizable space, then we obtain the following results. 
(I) The following are equivalent: 
(a) A,,(X) is a k-space for each )I EN, 
(b) A,(X) is a k-space, 
(c) the canonical mapping i,, : (X 0 -X@(O))” + A,,(X) is quotient for each n f N, 
(d) i, is quotient, 
(e) either X is locally compact and the set X’ of all nonisolated points in X is separable, 
or X’ is compact. 
(2) The following are equivalent: 
(a) A,(X) is a k-space, 
(b) i, is quotient, 
(Cl X is locally compact or X’ is compact. 
(3) AZ(X) is a k-space and i2 is quotient. 
These results contain the answers to the questions of T.H. Fay, E.T. Ordman and B.V.S. Thomas 
for free Abelian topological groups. 
Keytv’ords: Free Abelian topological groups, k-spaces, quotient mappings, metrizable spaces. 
AMS(M0.S) .rubj. C/a.ss.: 22A05, 54DS0, 54HlO. 
Introduction 
Let F(X) and A(X) be the free topological group and the free Abelian topological 
group over a Tychonoff space X, respectively [6, 111. The topological structures of 
F(X) and A(X) are complicated. Indeed, only when a space X is discrete, F(X) 
and A(X) can be first countable or locally compact. 
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One of the techniques of studying the topological structure of F(X) (A(X)) is 
the canonical representation of the space F(X) (A(X)) as the union of its closed 
subspaces F,,(X) (A,,(X)) formed by reduced words whose lengths are less than 
or equal to n, where n E RJ (= the set of natural numbers). And, the technique is 
often used. For example, Graev [6] showed that if a space X is compact, E is a 
closed subset of F(X) if and only if E n F,,(X) is a closed subset of F,,(X) for 
each n E RJ. By the result, he showed an important result that F(X) is Weil complete, 
i.e., it is complete relative to right and left uniform structures of this group. Graev’s 
results were generalized in [12] and [lo]: if a topological group G is a k,,,-space, 
then the group G is complete, and if X is a k,-space, then F(X) is also a k,-space. 
Hence, if X is a k,-space, then F(X) is Weil complete. In fact, Mack, Morris and 
Ordman [lo] showed that if X is a k,-space, then F,,(X) is a k,-space for each 
n EN and also E is a closed subset of F(X) if and only if E n F,,(X) is a closed 
subset of F,,(X) for each n EN. The class of k,-spaces includes not only compact 
spaces but also locally compact Lindeliif spaces, and is narrower than the class of 
a-compact spaces. 
F(X) (A(X)) need not be a k-space even if X is a k-space. That is, Fay, Ordman 
and Thomas [5] showed that the free topological group of the space of rationals Q 
is not a k-space, in fact, they showed F3(Q) . IS not a k-space. On the other hand, 
Arhangel’skii, Okunev and Pestov [3] showed the following characterizations that 
F(X) (A(X)) is a k-space. 
Theorem A. Zf X is metrizable and X’ is the set of all nonisolated points in X, then 
the following conditions are equivalent: 
(a) A(X) is a k-space, 
(b) A(X) is homeomorphic to a product of a km-space with a discrete space, 
(c) X is locally compact and X’ is separable. 
Theorem B. Zf X is metrizable, then the following conditions are equivalent: 
(a) F(X) is a k-space, 
(b) F(X) is a k,-space or discrete, 
(c) X is locally compact separable or discrete. 
In the proof of these theorems, they used some concrete spaces such that the free 
(Abelian) topological groups over them are not k-spaces. For example, the Frechet- 
Urysohn fan V(K,) of cardinality K,, the hedgehog space J(K,) of spininess EEO 
such that each spininess is a sequence which converges to the center point, and 
Y = C@{x, : a < to,}, where C is a convergent sequence with its limit and {x<~ : 
LY < w,} is a discrete collection. It can be proved that neither A3( V(K,)), F2( V(K,)), 
A(J(K,)), F(J(K,)), nor F4( Y) is a k-space (cf. [3, 141). Since, by most of their 
ways, it was shown that F,(X) (A,,(X)), as a closed subspace of F(X) (A(X)), is 
not a k-space for some n EN, we naturally raise the following question: if F,,(X) 
(A,,(X)) is a k-space for each n E N, then is F(X) (A(X)) a k-space? 
However, we obtained the negative answer for A(X) [18]. Namely, 
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Theorem C. A,(J(K)) is a k-space for each n EN and each cardinahty K, but A(.!(K)) 
is not a k-space if K S No. 
Furthermore, we had a necessary condition of a metrizable space X that each 
A,,(X) is a k-space [18]. 
Theorem D. For a metrizable space X, ifAn IS a k-space for each n EN, then the 
set X’ of all nonisolated points in X is locally compact in X’. 
Although the subspaces A,(X), n E N, play an important role to investigate the 
topology of A(X), by the above result, there is a gap between the k-property of 
A(X) and the one of A,(X), n EN. In this paper, we shall give characterizations 
of a metrizable space X such that every A,,(X) is a k-space. As a consequence, we 
have a stability theorem of the property of A,,(X), n E N. Thus, 
Theorem E. For a metrizable space X, the following statements are equivalent: 
(a) A4(X) is a k-space, 
(b) every A,,(X), n E N, is a k-space. 
Since the definition of free topological groups says nothing about the constructive 
form of open sets, i.e., an open neighborhood base of the unit element e, it is difficult 
to investigate the topological properties on F(X) (A(X)) and F,,(X) (A,,(X)). 
TkaEenko [16] gave an open neighborhood base E* of e in F(X). But the form of 
2” is complicated. In Section 2, we introduce an alternative construction of an 
open neighborhood base W of the unit element 0 in A(X). Furthermore, we give 
an open neighborhood base W,, of 0 in AZ,,(X) for each n EN, using W. In Section 
4, applying W,,, we shall give characterizations that every A,,(X) is a k-space. As 
a result, we have not only a stability theorem but also facts of A,(X) and Ax(X) 
as follows. 
Theorem F. (1) A,(X) is a k-space for every metrizable space X, and there exists a 
metrizable space X such that A,(X) is not LI k-space, 
(2) There exists a metrizable space X such that A3(X) is a k-space but Ad(X) is 
not a k-space. 
In the last section, Section 5, we shall answer to the questions of Fay, Ordman 
and Thomas [S] for A(X). 
1. Notations and preliminaries 
All topological spaces are assumed to be Tychonoff. By N we denote the set of 
all natural numbers. Our terminology and notations follow [4], and we refer [7] for 
elementary properties of topological groups. 
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The free topological group F(X) over a space X in the sense of Markov [ll] is 
the free algebraic group over the set X equipped with the group topology 3 having 
the following properties: 
(1) X is a subspace of F(X), 
(2) each continuous mapping from X to an arbitrary topological group G extends 
to a continuous homomorphism from F(X) to G. 
The free Abelian topological group A(X) over a space X in the sense of Markov 
is the free algebraic Abelian group over the set X equipped with the group topology 
Y having the properties (1) and (2) for an arbitrary Abelian topological group G. 
In this paper, we discuss only free Abelian topological groups A(X), while some 
results obtained in this paper hold also for free topological groups F(X). 
We denote the unit element of A(X) by 0. Any g E A(X) except 0 has the unique 
reduced representation of the form g = E~X, + e2x2+. . . + F,x,, where xi E X and 
~,=+lfori=l,..., n.Weput 
Z+(g) = I{i s n: ei = 1}1, I-(g) = Iii S n: E, = -1>1, 
and 
l(g) = l+(g) + l-(g). 
We call the number I(g) the length of g (by definition, 1(O) = 0). Let A, = {g E A(X): 
I+(g) = I_(g)}, then A0 is a clopen subgroup of A(X), and is a clopen neighborhood 
of 0 in A(X). 
For each n EN, let A,,(X) ={g~ A(X): I(g)< n} (by definition A,(X) = (0)) 
and define the mapping i,:(X@-XO{O})“+A,(X) by in((x,,x2,...,x,))= 
x,+x,+. . .+x,, for each x,EXO-X@(O). 
The following fundamental properties related to A(X) are used often in this 
paper (see [l, 151). 
Lemma 1.1. (1) Let F, be a group topology for A(X) which induces the original 
topology for X then 9, s 9. 
(2) X and i,(X), n EN, are closed subspaces ofA( 
(3) The mapping i, is continuous for each n E N, so that A,,(X) is compact for each 
n E N if X is compact. 
(4) Let Y be a closed subspace of a metrizable space X, then A(Y) is embedded 
into A(X) us a closed topological subgroup. In fact, the continuous homomorphic 
extension of the inclusion mapping from Y to X over A( Y) is a closed embedding. 
Thus, A,,( Y) is also embedded into A,,(X) as a closed subspuce for each n E N. 
For each subset E in A(X), we set 
car E=min{BcX: EcA(B,X)}, 
where A(B, X) is the subgroup of A(X) generated by B, and it is called the carrier 
of E in X [3]. Recall that a subset E of a space X is bounded (in X) iff every 
real-valued continuous function on X is bounded on E. The following theorem was 
proved in [3]. 
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Theorem 1.2. If E is a bounded set in A(X), then car E is bounded in X. 
A space X is a k-space if for each A c X, the set A is closed in X provided that 
the intersection of A with any compact subspace K of the space X is closed in K. 
Every first-countable space, and every quotient image of a k-space is a k-space. A 
space X is a k,-space if there is a countable cover Y’ of X consisting of compact 
subsets of X such that the set A is closed in X provided that the intersection of A 
with any element K of YC is closed in K. It is known that a metrizable space X is 
a km-space iff X is locally compact and separable [17, Proposition 8.51. Some 
characterizations of that A(X) is a k,O- or k-space were obtained by [3, lo]. 
2. Fundamental results 
In this section, we will construct a neighborhood base W of 0 in A(X). The idea 
of our construction is due to the one of the neighborhood base I* of the unit 
element in F(X) by TkaEenko [16]. He used the universal uniformity on (X0X-‘@ 
{e})” for each n EN to construct the neighborhood base I*. On the other hand, we 
used only the universal uniformity % x on X for A(X). The neighborhood base W 
of 0 in A(X) can be obtained from the neighborhood base of e in F(X) by Pestov 
[13]. Nevertheless, since he gave it without the proof and the construction of W is 
important in this paper, we give its construction and proof here. Furthermore, we 
will construct a neighborhood base Wn of 0 in AZ,,(X) for each n EN. The existence 
of the neighborhood base “ur, is one of the important facts in this paper. 
Constructing the neighborhood bases, we introduce some notations. Let (X, “u) 
be a uniform space. The inverse relation of U E “%1 will be denoted by U’? and 
the composition of U and V in %! will be denoted by U 0 V; thus we have 
and 
U’ = {(x, y) e x xx: (y, x) E U) 
U~V={(x,z)~X~X:thereisay~Xsuchthat 
(x, Y) E U and (Y, 2) E V]. 
The diagonal of X x X is the set A, = {(x, x): x E X}. A set U E 021 is called symmetric 
if U = U’. 
Lemma 2.1. Let kENu{O}, p, k,, . . , k,,EN such that Cf_, 2mh,<2mh. 
(1) Let (X, 021) be a uniform space and {U,,: n ENU {0}} a countable subcollection 
of %Y such that U,,, 0 U,,, 0 U,,,, c U, for each n E N u {0}, then LJ,, 0 LJ,, 0 . . . 0 LJ,,, c 
U,. 
(2) Let G be a group with the unit element e and {V, : n EN u (0)) a countable 
collection of subsets of G such that e E V, and V,,,, ’ V,,, . V,,,, c V,, for each n E NW 
{0}, then V,, . Vkz . . . Vk,, = V, [ 151. 
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Proof. Since the proof is straightforward, we only give an outline of the proof of 
(1). We prove by induction with respect to p. Assume that for each n s p, condition 
(l)isobtained.Ifthereisj~{1,2,... , p + 1) such that k, = k + 1, by the inductive 
assumption, 
U,, o U,, o * * . o Uk,,+, = Uk,, o u,+, o u!x+, = u!i. 
Thus, let k,<k+l for each jE{l,Z ,..., p + 1). In this case, if CT=‘: 2-kr < 2-(ki’), 
we can show that 
uk,O uk,“**-o uk,,= u!,,,, 
therefore 
U,, o U,>’ ’ ’ . o uk,,+,c uk,, o uk+,= uk- 
Otherwise, i.e., 2P(kt’)<C~=, 2Pkl<2-k, then there is jE (2,. . . , p} such that 
,$, 2-K <2p(k+‘, and 
It follows that 
U,, a U,, ’ ’ ’ ’ o uk,,+, = u,,, O uk,+, a uk,, = uk,, o uk+, a uk+, = r/k. 
Consequently, condition (1) is obtained. 0 
Let ollx be the universal uniformity on a space X and put Pi’ = {P c qx : P is 
countable}. For each P = { U,, U,, . . . } E ?i”, let 
w(P)={x,-y,+xz-y~+’ “+xk-yk: (x,,y,)E u, for 
i-l,2 ,..., k,kEN}, 
and 
“ur={ W(P): PE 9). 
Furthermore, fix any n EN. Let 
%7(P) = {QC p: lQl= n>, 
W,(P) ={x, -y,+xz-yz+* * .+xx,-y,:(~,,yj)EU,,forj=1,2 ,..., n, 
{U!,, U,,,..., ui,~~E2n(P)~~ 
and 
“ur, = { W,(P): PE 9’). 
Remark 2.2. In the above definition, for P E 9, there may be the same elements 
in l? In particular, for each U E Qx, the countable collection {U, U, . . . } is also 
in P?. 
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The reader should remark that the representation of the element of W(P) and 
W,,(P) need not be a reduced representation. 
For the definition of W,(P), let 
9zn(P)={Qc P: #zn>. 
Since, A, is contained in each U E %x, it is easy to see that 
W,(P)={x,-y,+x2-yz-t~ ..+xx,-yk:(x,,y,)E U,, forj=1,2 ,..., k, 
IU,,, U2’..., U,} E RI(P)>. 
Theorem 2.3. W is a neighborhood base of 0 in A(X) 
Proof. First, we shall show that W satisfies the axioms for open sets in the Abelian 
topological group A(X), i.e., W satisfies the following properties: 
(i) for every VE ?Y, there is a WE W such that W+ W c V; 
(ii) for every VE 74f, there is a WE w such that - WC V; 
(iii) for every VE w and every g E V, there is a WE w such that g + W c V; 
(iv) for every U, VE ‘I-Y, there is a WE Tff such that W = U n V; 
(v) {OI = n w. 
Let P={U,, U2,...}~!T and gr W(P). Assume that g=x,-y,+xz--yz+‘..+ 
x, -y, such that (x,, yI) E U, for i = 1,2,. . . ,n,forsomenEN.TakeP,={A,,A2 ,... }, 
P?={B,,B, ,... } and P3={C,, C, ,... } such that 
(1) PI, P2, P3E p, 
(2) A, c U,,_, n U,, for each i E N, 
(3) B, c U, and B, is symmetric for each i E N, 
(4) ci= u,+, for each iEN. 
Then it can be shown that W( P,) + W( P,) c W(P), - W(P,) c W(P), and 
g-t W(P,) c W(P). These imply that the conditions (i), (ii), and (iii) hold. The 
conditions (iv) and (v) are easily seen, so that we omit the proof. 
Thus, let 5, be a group topology for A(X) generated by W. Take P = 
{U,, U,, . . }E !Y and x E X, and put W(x) = {y E X: (y, x) E U,}. Then, since oElx 
is compatible with the original topology for X, W(x) is open in X. Also, we can 
show that x E W(x) c ( W(P) + x) n X, and this means that .Y,I x is coarser than the 
original topology for X. 
Claim. 9, is jiner than the topology of A(X). 
Proof of Claim. Let V be an open neighborhood of 0 in A(X). Put V, = V and take 
a sequence {V, : n EN} of neighborhoods of 0 in A(X) such that V,, + V,, + V,, c V,_, 
for each nEN. Let u,,={(x,y)~XxX: X-YE V,} for each ncN, and P= 
{U, , U,, . . . }. Since U,, E %!lu, for each n E N, P E 9. Take any point g E W(P), then 
there is an n EN such that 
g=x,-y,+...+x,-y, 
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for some (x,, y,) E U, for i = 1,2, . . . , n. Thus, by Lemma 2.1(2), 
gE v,+vz+. ..+v,,c v,= V 
It follows that W(P) c V. 
By this claim, 5,1x coincides with the original topology for X. Thus, by Lemma 
l.l( l), 9, is coarser than the topology for A(X). Consequently, .Y, coincides with 
the topology for A(X), and W is a neighborhood base of 0 in A(X). 0 
Theorem 2.4. 74, is a neighborhood base of 0 in A,,(X) for each n E N. 
Proof. Fix any n E N and fix it. By Theorem 2.3, YV A,,,(Xj = { W(P) n A2,,( X): P E S} 
is a neighborhood base of 0 in A>,,(X). For each P = { U, , U,, . . . } E B, it is clear 
that W,,(P)= W(P) nA2,,(X). Thus, to complete the proof, it suffices to show the 
following claim. 
Claim. For each P E 9, there is a P, E 9’ such that W(P,) n Azn(X) c W,,(P). 
Proof of Claim. Let P = {U,, U,, . . . }E P. Put V,, = U, and inductively take a 
collection {V, : m E RJ} c %, such that 
V, 0 V, 0 V, = V,,,-, n U,,+, for each m EN. 
For the collection P, = { V,,, : m EN}, we shall show that W(P,) n AZ,,(X) c W,,(P). 
Take any g E W(P,) n A2n(X), and let 
g=x,-y,+X2-y~+~~~+X~-y~, (1) 
where (x,, y,) E V, for i = 1,2, . . . , k and k E N. Now, we put 
A(g) = {xi : x, is not reduced in the representation (1) of g, i = 1,2, , . . , k}, 
and 
B(g) = {yi: yi is not reduced in the representation (1) of g, i = 1,2,. . . , k}. 
If there are i, Jo {1,2,. . . , k} with i #j such that xi = x, (yi = y,), we regard that 
these elements xi and x, (y, and y,) are different elements in A(g) (B(g)), respectively. 
Since g E AZ,,(X), we can see that IA(g)/ = /B(g)/ and IA(g)/ +/B(g)1 ~2n. Thus, we 
put Ak)={a,,a,,..., a,} for some IS n, and take a, E A(g). Then there is a 
k(i, l)41,2,. . ., k1 such that Q,=xI,(,,~). If YU,,~,E B(g), we put b,(,,==~,(,,~). 
Otherwise, yk(i,r) is reduced in the representation (1) of g, so that there is a 
k(i, 2) E (1,. . . , k1 such that YU,,,) = XL(,,~), and clearly, k(i, 2) # k(i, 1). If Y~,;.~, E
B(g), we put bqp(;) = yk(j,2). Otherwise, in the same way, take a k( i, 3) E {l, 2,. . . , k} 
such that y k(,,2j = x~,,,~), and k(i, 3)& {k(i, l), k(i, 2)). We continue this process till 
an element of B(g) appears and denote the element of B(g) by b,(,,. Clearly, the 
element bqF(,) must be appeared. Furthermore, we carry out this work for every 
element of A(g). Thus, we get a permutation cp on (1, 2,. . . , I} and sequences 
{k(i, l), k(i, 2), . . . , k(i,j(i))}c{l,2 ,..., k}, i=1,2 ,..., I, such that 
a, =x0,1) and b,,,, =yk(l,,(,)l, for i = 1,2, . . , 1, (2) 
y~~,,,~=xkcl,,+,~ forj=1,2 ,..., j(i)-l,i=l,2 ,..., 1, (3) 
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and 
{k,i,,,:j= 1,2,. . . ,j(i), i= 1,2,. . . , I} 
consists of distinct numbers of { 1, 2, . . , , k}. (4) 
Thus, from (2) and (3), we have for each i = 1,2,. . . , 1, 
(ai, b$ow)~ vhcr,l~” vu,,2,o ...O Vkrt,,cr,,. 
Now, let k(i) = min{k(i, l), k(i, 2), . . . , k(i,j( i))}, then by (4), the sequence {k(l), 
k(2), . . , k(l)} is a subsequence of {1,2, . . , n} consisting of distinct elements. 
Thus, by Lemma 2.1(l) and the definition of P,, 
(a,,b,,,,)~ VkC,,_,c Cl,,,, for each i=1,2 ,..., 1. 
On the other hand, since cp is a permutation on {1,2,. . . , I}, 
g=a,-b.,,,+a,-b.,,,+. . .+t,-b6,(,,. 
Consequently, since {U,,,, , Ukcz,, . . , I?‘~,,,} E 9iz,(P), by Remark 2.2, we have gE 
W,,(P), so that W(P,)CTA~,~(X)~ W,,(P). 0 
For a space X and each n EN, we define a mapping j,, from X2” (=X” XX”) to 
A,,,(X) as follows 
jn((x,, x2,. . . , x,1, (Y,,Yz,.‘.,Y,,))=X,+xX1+...+Xn-(Y,+Y2+.~.+Yn) 
for each (x,, x2,. . .,x,1 and (y,, y,, . . , y,,) E X”. Theorem 2.4 gives a following 
important result, which is often used to prove our main theorems. 
Corollary 2.5. Let X be a space, n E N and E be a subset of A>,,(X). Then, OE E if 
and only if j,‘(E)nLJ”#V) .for each UE%~, where U”={((x,,x,,...,x,), 
(y,, ,Vz,. . . , y,)) E X2”: (xi, y,) E U, i= 1,2,. . . , n}. 
Proof. (=+) Let U E “II, and put P = { U,, U,, . . } E 9 such that U, = U for each 
i EN. Since W,,(P) is a neighborhood of 0 in A,,,(X), we can take a g E W,,(P) n E. 
Then. we have 
where(x,,y,)EU,fori=1,2 ,..., n.Thus,forx=((x,,x, ,..., x,),(y,,y2 ,..., y,,)), 
it is clear that x E j,‘(E) n U”. 
(+) Let P={CJ,,U/Zr...}E9,andtake UEO~~~ suchthat U~U,nU,n...n 
U,,. By the assumption, we can take x = ((x, , x2, . . . , x,,), (y, , y,, . . . , y,)) E j,‘( E) n 
U”. Since, (x,, y,)~ U c U, for i= 1,2,. . , n, it follows that j,,(x)~ W,(P)n E. 
Therefore, by Theorem 2.4, OE l?. 0 
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Corollary 2.6. Let X be a paracompact space and E a subset of AZ(X). Then, OE l? 
if and only ifj;‘(E)nAx #fl. 
Proof. Since X is paracompact, every open neighborhood U of A, in X2 is 
contained in “11,. Thus, by Corollary 2.5, it is obvious. 0 
3. Test spaces 
In this section, we introduce three spaces M,, M, and M3 which have the following 
properties: 
(1) A,( M,) is a k-space for each n E N, 
(2) A3(M2) is not a k-space, and 
(3) A,(M,) is not a k-space. 
The constructions of these spaces are simple, but they play essential roles in the 
proof of the main results in this paper. 
Constructions. Let M, be a metrizable space such that M, = X,u iJy=, X, such that 
(1) X, is an infinite discrete open subspace of M, for each i E N, and 
(2) X,, is a compact subspace of M, and { V, = X0 u lJy=, X, : k E N} is a neighbor- 
hood base of X0 in X, i.e., for each open set U in X which contains X,, there is 
a kEN such that X,c V&c U. 
In the above definition, if each X, consists of countably many elements and X, 
is a one-point set, we denote the space by M;. We put C = {l/n: n EN} u (0) with 
the subspace topology of I. Let M2 =@{Ci: i E N}OM;, where C, is a copy of C 
foreachiEN.Let M,=@{C,:(~<<w,},whereC,,isacopyofCforeacha<w,. 
Remark 3.1. The concrete example of M, is the hedgehog space J(K) of spininess 
K such that each spininess is a sequence which converges to the center point. In 
[18] we proved that A,(J(K)) is a k-space for each n EN. On the other hand, it was 
proved in [3] that A(J(K)) is not a k-space if K 3 Kc,. Furthermore, by [18], we 
know that A,( M2) is not a k-space. 
Theorem 3.2. A,,( M,) is a k-space for each n E N. 
Proof. In order to prove the theorem, it suffices to show that 
for each n E N and E c A,, (M,) such that E n K is closed in K for each 
compact subset K of A,,( M,), if OE _I? then OE E. (*) 
For, if A,,( M,) is not a k-space for some n EN, then there is a subset H of A,( M,) 
such that H n K is closed in K for each compact subset K of A,( M,) and fi\ H f 0. 
Take a point g E I?\ H, and let E = H -g. Then, it can be seen that E is a subset 
of A,,( M,) such that E n K is closed in K for each compact subset K of A2,,( M,) 
and OE E\E. 
Thus, let prove the property (*). Take an arbitrary n EN and fix it (we can assume 
that n 3 2). Let E be a subset of A,( M,) such that E n K is closed in K for each 
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compact subset K of A,(M,), and assume that OE I?. Since A0 (see Section 1) is an 
open neighborhood of 0 in A( M,), 0 E E n A,. Furthermore, note that 
then there is an m EN with m s n/2 such that 
And, we put D = E A (Az,,,(M,)\Az,,~,(M,)). 
On the other hand, by the properties (1) and (2) of the definition of M, , we can 
find a countable uniform base Ou of the universal uniformity qu,, of M, such that 
%=(Uk=GkuA~,: k EN}, where for each k E N, Gk is an open neighborhood of 
A,, in M, x M, such that GA c V, x V,. Now, apply Corollary 2.5, then we have 
j,‘(D)n(Uk)“‘#V) for each kEbJ 
Let us take a point xh cj,,,‘(D) n ( Uk)“’ for each kg N. Since g, =j,,,(x&)~ 
Ar,(M,)\A2,+,(M,), XI, E (Gk))“‘, and carg,c V,. It follows that K= 
U{cargk: kEN}uX o is a compact subset of M, , and by Lemma 1.1(3) and (4), 
A,,(K) is a compact subset of A,, (M,). Hence we have E n A,,(K) is closed in 
A,,(K). Since {x,: i~N}cji’(D), 
{gi: i~N}c DnA,,(K)c EnA,( 
On the other hand, 
{x,: iEN}n(UL)“‘#@ for each kEN. 
Hence, by Corollary 2.5, OE {g, : i E N}. Thus we have 
OEEnA,(K)=EnA,,(K)cE. 
Consequently, A,( M,) is a k-space for each n E N. 0 
Corollary 3.3. A,,(J( K)) is a k-space for each n E N. 
Theorem 3.4. A,(M,) is not a k-space. 
Proof. For each n E N, we put X, = {x,,,~ : i E N}, C,, = {c,,, : i E FU} u {c,}, and X,, = {x}. 
For each n, jEN, let 
g n, I = c,, - c,., + x,,, , and E = {g,,, : n, j E N}. 
We shall prove that 
(1) E n K is closed in K for each compact subset K in A3( M2), and 
(2) XE i?\E. 
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Let K be a compact subset of A3(M2), in fact of A(M,). Then, by Theorem 1.2, 
car K is bounded in M,. Hence, there are finite subsets F, and F2(,,, of N, n E N, 
such that 
Thus, by the definition of E, 
car(K n E) c l._, {car g,,, : n E F, and i E F2(,,)}. 
Hence, K n E is finite and thereby it is closed in K. 
Next, we shall prove (2). Since x & E, we shall show that x E _/?. Since A3( M,) is 
closed in A( M,), it suffices to show that x E EAcMz). Let U be an open neighborhood 
of x in A( MJ. Then we can choose an open neighborhood W of 0 in A( MJ such 
that W+ W-t x c U. Since W+x is an open neighborhood of x in A(M2), there is 
an N E lV such that {x,,~ : n 2 N, i E N} c W + x. And, for each n 2 N, there is an 
i, EN such that c, -c,,,, E W. It follows that 
&IQ,, : naN}c W+ WI-xc U. 
ThusxEE. 0 
To prove that A4(M3) is not a k-space, we need the following technical lemma 
which was obtained in [9]. 
Lemma 3.5. There is a collection %T = {E, : (Y < co,} of infinite subsets of N such that 
(1) E,nEp isjiniteforeach a, PCCW, withcr#p, 
(2) for each cx < w,, max( E, n ED) # max( E, n E,) for each p, y < cy with p f y. 
Theorem 3.6. A4(M3) is not a k-space. 
Proof. Let ti = {A, : a < w,} and B = {B, : p < w,} are uncountable subcollections 
of 8 defined in Lemma 3.5 such that Au 9 = g and &n %3 =@ Then it can be 
proved that 
(3) there are no infinite subsets A of N such that A,\A is finite and B, n A is 
finite for each (Y < w, . 
We put C, = {x,,,: n EN} u {x,}, where x, is the limit point of {x,~,, : n E N}, for 
each (Y<w,. Let, foreach (Y,/~<w,, 
and 
A 43 = {Xc?.” - xu + Xp,n -x0: nEA,nB@}, 
E = U {A,,,, : a, P < a,>. 
We shall show that 
(4) E n K is closed in K for each compact subset K of A4( M,), and 
(5) OEE\E. 
0 
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Remark 3.7. The essential idea of the proof of (5) is used by Malyhin to prove that 
the tightness of the product V(K,) x V(K,) is w,. The proof was cited with his 
permission in [3]. Therefore, V(K,) x V(K,) is not a k-space. Since X2 is closed 
embedded in AS(X) for each space X (cf. [14]), A3( V(K,)) is not a k-space. In 
fact, in Section 4, we shall show that A,( V(N,)) is not a k-space. 
4. Main theorems 
In this section, we shall give characterizations of a metrizable space X such that 
every A,,(X) is a k-space for n 2 4, A3(X) is a k-space, and A,(X) is a k-space, 
respectively. First, we introduce the result for the mapping i,, which was pointed 
out in [2]. Recall that a space X is Dieudonne’ complete if there is a complete 
uniformity on the space X [4]. Every paracompact space is Dieudonnt complete, 
and the closure of every bounded subset of a Dieudonne complete space is compact. 
Proposition 4.1. Let X be a Dieudonne’ complete space. Then, for each n EN, the 
mapping i, is quotient if A,,(X) is a k-space, 
Its proof can be easily obtained from the following well-known facts, and therefore 
we omit the proof. 
(1) For each compact subset K of A,(X), there is a compact subset C of (X 0 -X 0 
(0))” such that i,‘(K) c C if X is a Dieudonne’ complete space [3]. 
(2) A continuous mapping f: X + Y of a topological space to a k-space Y is quotient 
if and only if for every compact subset Z c Y the restriction f Ifml(z,: f -l(Z) + Z is 
quotient [9, Theorem 3.3.221. 
Theorem 4.2. If X is a metrizable space, then the following statements are equivalent: 
(a) A,,(X) is a k-space for each n E N, 
(b) Ad(X) is a k-space, 
(c) i, is a quotient mapping for each n EN, 
(d) i4 is a quotient mapping, 
(e) either X is locally compact and the set X’ of all nonisolated points of X is 
separable, or X’ is compact. 
Proof. The implications (a)*(b) and (c)*(d) are clear, and by Proposition 4.1, 
(a) and (c), (b) and (d) are equivalent. Thus, it suffices to show the implications 
(b)+(e) and (e)+(a). 
(b)+(e) Assuming the contrary, we can consider the following two cases. 
Case 1: X is not locally compact and X’ is not compact. 
Case 2: X’ is not separable. 
In Case 1, we can take an infinite discrete sequence {c, E X’: n E N} in X. For 
each n E N, since c, e X’, there is a convergent sequence {c,,, : i E N} in X which 
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converges to c,,. Furthermore, since X is not locally compact, we can find a point 
x E X and {B, : n E N} be a countable neighborhood base of x in X such that for 
each n E PU, B, 1 B,,, and B,,\ B,,, contains an infinite discrete (in X) sequence 
X, = ix,,,: ig N}. Without loss of generality, we may assume that the collection 
{B,]u{C,: n E N} is discrete in X, where C, = {c,,, : i EN} u {c,}. It follows that 
Y=U{C,,: n EN} u l_, {X,, : n E N} u {x} is a closed subset of X. Thus Y is homeo- 
morphic to M,, and therefore, by Theorem 3.4, A,(M2) is not a k-space. Hence 
A3( Y) is not a k-space. Since, by Lemma 1.1(4), A3( Y) is embedded into A3(X) 
as a closed subspace, A3(X) is not a k-space. Thus, Ad(X) is not a k-space. 
In Case 2, since X’ has an uncountable discrete collection in X, we can take a 
closed subspace Y of X which is homeomorphic to M,. Thus, by Theorem 3.6 and 
the same way as Case 1, we can prove that Ad(X) is not a k-space. 
(e)+(a) By Theorem A, if X is locally compact and X’ is separable, A(X) is a 
k-space. Since each A,,(X) is closed in A(X), A,,(X) is a k-space for each n EN. 
Next, suppose that X’ is compact and X is not compact because A( Y) of a compact 
space Y is a k-space. Then the space X is a space of type M,. It follows, by 
Theorem 3.2, that A,(X) is a k-space for each n E IV. 
Consequently, we have the theorem. 0 
Corollary 4.3 (Stability theorem). For a metrizable space X, every A,,(X), n E N, is 
a k-space if and only zfA4(X) is a k-space. 
Case 1 of the proof of the implication (b)*(e) in Theorem 4.2 yields the following 
(cf. [51). 
Corollary 4.4. Let Q be the space of rationals and P the space of irrationals. Then, 
neither A,(Q) nor A,(P) is a k-space. 
The following lemma can be proved from General assertion 1 in [l] or Funda- 
mental Lemma in [8], and we omit the proof. 
Lemma 4.5. For a space X and each n E N, the restriction 
i,li,‘(A,(X)\A,_,(X)): i,’ (A,,(X)\A,-,(X)) + A,(X)\A,-,(X) 
of i, is an open and closed n !-to-l mapping. 
The following theorem can be proved from the result in [13]. Here, we shall give 
another proof. 
Theorem 4.6. For a paracompact space X, A?(X) is a k-space if and only if X2 is a 
k-space. 
Proof. First, we show the “only if” part. Since X2 is a clopen subset of (X0-X@ 
(0))” and X2 c i;’ (A,(X)\A,(X)), by Lemma 4.5, i2(X2) is a clopen subset of more, 
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A,(X)\A,(X). In particular, &(X2) is open in A*(X). Since A,(X) is a k-space, 
i2(X2) is a k-space. On the other hand, since iy’(iZ(X2)) =X2, by Lemma 4.5, the 
mapping i21x2: X2+ i2(Xz) is a perfect mapping. Thus, X2 is a k-space. 
Next, we show the “if” part. Let E be a subset of A2(X) such that En K is 
closed in K for each compact subset K of A*(X), and take a word g E l?. We shall 
show that g E E. The proof is in three cases. 
Case 1: g E A,(X)\A,(X). 
Since A,(X)\A,(X) is open in A,(X), there is an open neighborhood U of g in 
A*(X) such that u c A,(X)\A,(X). We put H = E n u then we have that g E H 
and H n K is closed in K for each compact subset of fl. On the other hand, by 
Lemma 4.5, i21,;‘(U,: i;‘( U) + 0 is an open mapping, and i;‘( 0) is a closed subset 
of the k-space X”. It follows that l? is a k-space. Therefore, H is closed in 0, and 
hence in A*(X). Consequently, g E H c E. 
Case 2: gEX@-X. 
Recall that A,, is a clopen subgroup of A(X), then g + A, is a clopen neighborhood 
of g in A(X). Note that (g+A,)n((A,(X)\A,(X))u{O})=@ We put H= 
(g + A,) n E, then it is easy to see that g E H c X @ -X and H n K is closed in K 
for each compact subset K of X 0 -X. Since X 0 -X is a k-space, H is closed in 
X0-X. Hence gE Hc E. 
Case 3: g = 0. 
Assume that 0 E E\E. Set H = E n A,,, then we can see that 0 E fi\H and H c 
A,(X)\A,(X). Moreover jr’(H) c X’\A, and by Corollary 2.6, jl’( H) n Ax f 0. 
Takeapointx=(x,x)ej;‘(H)nA,. Let C be an arbitrary compact subset of X2. 
Then j,(C) is a compact subset of A*(X). By the assumption, H nj,( C) 
is closed in j,(C), so in A2(X). Thus, j,‘(H nj,(C)) is closed in X2. Since 
j’l.,Tl~(A2(X)\A,(X))nAo). .X2\Ax =jY’((A,(X)\A,(X)) n &J-, (A,(X)\A’(X)) n A0 is 
one-to-one and onto, and H n j,( C) c (A,(X)\A,(X)) n AO, we can see that 
j,-‘(H nj,(C)) =jl’(H) n C. Thus j,‘(H) n C is closed in X2, so in C. It follows 
that j,‘(H) is closed in X2 because X * is a k-space. This contradicts that XE 
j,‘( H)\jy’(H). Consequently, we have OE E. 0 
Remark 3.7 and Theorem 4.6 yield 
Corollary 4.7. A2( V(K,)) is not a k-space. 
Corollary 4.8. For a metrizable space X, AZ(X) is a k-space, and the mapping i, is 
quotient. 
Theorem 4.9. If X is a metrizable space, then the following statements are equivalent: 
(a) A3(X) is a k-space, 
(b) the mapping i, is quotient, 
(c) X is locally compact or the set X’ of all nonisolated points in X is compact. 
Proof. By Proposition 4.1, (a) and (b) are equivalent. In the proof of the implication 
(b)+(e) in Theorem 4.2, it was already shown the implication (a)+(c). Further- 
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more, by the proof of the implication (e)+(a) in Theorem 4.2, As(X) is a k-space 
if X’ is compact. Thus, to complete the proof, it suffices to show that A3(X) is a 
k-space if X is locally compact. 
Let X be a locally compact metrizable space. Then X can be represented as the 
sum of locally compact separable spaces, i.e., X =@ {X,, : a E A}, where each X,, 
is locally compact separable. For each LY E A, let %,, be the universal uniformity on 
X,, and A, the diagonal of X,, x X,,. Then, % = {@,ia U,, : E “u,} is the universal 
uniformity on X. To prove that A3( X) is a k-space, take a subset E of A3(X) such 
that E n K is closed in K for each compact subset K of A3(X), and an arbitrary 
point g E E. We shall show that g E E. If g E (A,(X)\A2(X)) u (A2(X)\A,(X)) u {0}, 
it can be shown that g E E in the similar way to the proof of Theorem 4.6. Thus we 
may assume that g E X 0 -X, in particular, g E X (if g E -X, we can show similarly). 
We put H = (E -g) n A,,, then H is a subset of Ah(X) such that H n K is closed 
in K for each compact subset K of A4( X) and 0 E fi. If 0 E H n A,(X), then it can 
be shown that 0 E H n A,(X) and g E H from the proof of Theorem 4.6. Thus, we 
may assume that H c (A,(X)\A,(X)) u (0) b ecause H n (A,( X)\A,( X)) = @. By 
the definition of H, we put 
H={h,=x,-.~,+z,-g:h~.~}, 
where xh, yh, zh E X for each A E :I. Since g E X, there is an cqI E A such that g E XC,,]. 
Let 
H, = {h, E H: x, E X,,i or zh E X,,,}. 
Hence it is easy to see that Or? H\H, because j, ‘(H\ H,) n U’=(i) for each U E 021. 
Thus we have 0 E H,. Now, we assume that 0 E Hz, where 
H2 = {h, E H, : x,, z,+ E X,,,,}. 
Then j,‘( H,) n U’ f @ for each U E “u. By the definition of %, jy’( H3) n U' # (i) for 
each U E Ou, where 
H, = {h, E Hz: Y, E Xv,,>. 
- 
It follows that OE H,. On the other hand, H, is a subset of A4(Xcq,) and A4(XJ 
can be considered as a closed subset of A4(X) by Lemma 1.1(4). Since X,,) is locally 
compact separable, by Theorem 4.2, A,(X,,,) is a k-space. Furthermore, H3c H n 
A4(Xc4,) and H n A4(Xcr,,) n K is closed in K for each compact subset K of A4(Xcr,,). 
We can easily see that 0 E H n A4( X,,,) = H. Therefore it suffices to show that 0 E H 
if OE H,\H?. Let 
H, = IA, : xA G Xc,,) and zA E Xc,,>, 
and we may assume that OE H4. Now, we put 
,I ’ = {A E I : h, t H4}, 
L={(z*,g): A E-l’}, 
and 
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Since j,‘( H4) n U2 # $4 for each u E %, 
(1) Ln U#0 for each UE %, and 
(2) Mn lJ#(d foreach UE%. 
Since Lc X’,,, by (l), En A,,, # 0 and, in particular, we can see that (g, g) E z. 
Therefore g E {zA : A E A’}. Now, let 9Z13, = {B, : n EN} be a countable neighborhood 
base of g in X,” such that B,,,, c B, and B, =X,,,. For each n EN, let 
M,, = {(x,, Y,): zA E &\&+,I. 
Then M = lJr=, M,,. On the other hand, by (2), fi n Ax # 0. We consider the 
following two cases. 
Case 1: There is a subsequence {k, . m E Rd} of IV such that Mk,,, n A, # $3 for each 
mEN. 
For each m EN, we can take an LY,,, E A such that Mk,,, n A,,?, # 0. We put N,,,, = 
Mk,,, n Xt,,, , 
- 
then N,,,, A A,,#? # 0. Thus, j,‘( Hs) n A y # 0, so that 0 E HS, where 
h,EHq:zhEBk,and(x,,y,)E 6 N,,,, 
In=, 
and 
y = & x2,,,. 
m=O 
Since Y is a locally compact separable metrizable closed subspace of X, A4( Y) is 
closed in A+,(X) and, by Theorem 4.2, A4( Y) is a k-space. Furthermore, H, c H n 
A4( Y) and H n A4( Y) n K is closed in K for each compact subset K of A4( Y). It 
follows that 0 E H n A4( Y) c H. 
Case 2: There is an n EN such that M,,, n Ax = 0 for each m 2 n. 
Let 
H6={hh: zh E B,} 
and 
M(n)= u M,. 
mzn 
- 
Then it is easy to see that 0 E H6, so that M(n) n A, # 0. Thus, we can take an 
(Y E A such that M(n) n A, # 0. Now, we can assume that N,,, = M, n X, # 0 for 
each m 3 n. Hence, it can be seen that for each U E 011,) {m 2 n : N,,, n U # 0} is an 
infinite set because N,,, n A, = 0 for each m 2 n and IJ,,, N,,, n A, # 0. It follows 
that 0 E H,, where 
H,= h,E&,: (xh,yh)E U N,, . 
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On the other hand, H7 c A,(XOOO X,), A4(Xa,,@ X,,) is closed in Ad(X) and 
A,(X,,lOX,) is a k-space. Therefore, in the same argument as in Case 1, we can 
see that 0 E H n A,(X,,,@ X,) c H. 
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Consequently, in any case, we can prove that 0 E H, so that g E E. Thus, E is a 
closed subset of A,(X). It follows that AS(X) is a k-space. 0 
Corollary 4.10. Let M3 be the space constructed in Section 3, then A3( MS) is a k-space 
but A4(M3) is not a k-space. 
5. Applications 
Finally, we discuss about the questions which are asked by Fay, Ordman and 
Thomas in [5]. Since they discussed about the free topological group FG(X) over 
a space in the sense of Graev, we introduce some notations. For each n EN, we 
denote the subspace of F,(X) consisting of words of length not exceeding n by 
F,;(X),. Since the unit element e of FG(X) is a point of X, the mapping i, is 
defined on X u X-‘. Analogously, let AG(X) be the free Abelian topological group 
over a space X in the sense of Graev, and the subspace AG(X),, and the mapping 
i, can be defined similarly to these for FG(X). Fay, Ordman and Thomas [5] asked 
the following questions. 
Question 5.1. Is i, always a quotient map if X is locally compact? 
Question 5.2. Is i,: (Q u QmI)‘- Fc;( Q)z a quotient map? Is i, always a quotient 
map? 
Pestov [13] answered these questions as follows. 
Theorem5.3. (1) Themappingi,:(XOX~‘O{e})“+ F,,(X) ((XuX-I)“+ FG(X),,) 
is quotient in either sense if and only if each neighborhood of Ax in X2 is in ax. In 
particular, if X is paracompact, i2 is quotient. Hence, thejirstpart of Question 5.2 is yes. 
(2) Let X be a locally compact space which is not paracompact, then iz is not quotient 
by (1). Hence, Question 5.1 is answered by no. 
On the other hand, about the space M, described in Section 3, we note the 
following fact, that implies the negative answer of the Abelian version of Question 
5.1 even if a space X is locally compact and metrizable. 
Theorem 5.4. The space MI is a locally compact metrizable space such that A4( M3) 
is not a k-space and A,,( M3) is homeomorphic to A,( M,),, for each n E N. Thus, the 
mapping i, is not quotient in either sense. 
Proof. It suffices to show that A,,( M3) is homeomorphic to A<,( M,), for each n E N. 
Since M, has infinite many isolated points, for each isolated point x in X, M3 is 
homeomorphic to M3\{x} = Mj. On the other hand, from the argument in [6], 
A,( M3) is topologically isomorphic to A( MI,), respectively. In fact, the topological 
isomorphism is the continuous homomorphic extension of the identity on M,, so 
that we can prove that A,( M,), is homeomorphic to A,,( M;) for each n E N. Thus, 
it follows that A,(M,) is homeomorphic to AG(M3)n for each n EN. 0 
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